Homework 10

1. Have you ever wondered how tall Humpty Dumpty must have been before he fell from the wall?
We have the tools to find his center of mass by constructing a confidence interval about p. Let us
find his height. Fortunately, STATS51 students took pity on poor Humpty Dumpty by scraping-up
what was left of him. The aggregated bits and pieces weighed 175 pounds (79275 grams). Of
course, we know that Humpty Dumpty was not spherical but egg shaped. In order to correlate
length (mm) with weight (grams) of an egg, the following set of data for 29 species of bird eggs
ranging from the Hummingbird to the extinct Elephant Bird is given below:

Bird 1 2 3 4 5 6 7 8 9 10
Weight (grams) 350 5 7.8 32 18.18 20.76 17.93 226 19.01 37.95
log(weight), x, 586 -0.69 205 1.16 2.90 3.03 2.89 3.12 2.94 3.64
Length (mm) 113 13 28 21 30 32 31 35 32 41
log(length), y 473 256 333 3.04 3.40 3.47 3.43 3.56 3.47 3.71
Bird 11 12 13 14 15 16 17 18 19 20
Weight (grams) 755 447 378 5.02 3.09 3.01 5.38 7.1 4.54 441
log(weight), x, 202 150 133 1.61 1.13 1.10 1.68 1.96 1.51 1.48
Length (mm) 24 19 20 19 18 18 21 23 20 19
log(length), y 318 294 3.00 294 2.89 2.89 3.04 3.14 3.00 2.94
Bird 21 22 23 24 25 26 27 28 29
Weight (grams) | 11.95 734 8.62 4.19 2.72 4.43 630 11325 12231
log(weight), x, 248 199 215 143 1.00 1.49 1.84 7.03 9.41
Length (mm) 28 24 25 20 16 19 23 152.4 280
log(length), y 333 318 322 3.00 2.77 2.94 3.14 5.03 5.63

32w =T1.0672, Y0 a? = 283.7360, Y, muy = 274.7038, 32y = 96.90692,

2%21 y? = 336.7251, SS., = 109.5792, SS,, = 37.22434, and SSE = .2539898.

Let w be the weight and 1 be the length of an egg. We know from our chemistry class that
I = vw% where 7 is related to density. Since Humpty Dumpty was not perfectly spherical,
let us propose the following model: I; = now;" to relate his height and weight. What looks
like a non-linear model can in fact be transformed into a linear model by taking logarithms, i.e.
log(l;) = log(no) + mlog(w;) + €; where log(x) = log.(x) = In(x). By doing so, an equivalent
model for explaining the data can be written as a linear fixed effects model by replacing log(;)
with y;, log(ny) with By, m; with 81, and log(w;) with x; so that: y; = By + fiz; + € where
& ~ N(0,0?%).

(a) Test the hypothesis that there is no inherent linear relation between the response variable
and the explanatory variable at a level of significance, o = .05.

Fr_1n—ra=4.210008 Hence, reject null hypothesis
5= .09698984



Answer 1

Source of Variation df Sum of Squares Mean Sum of Squares F statistic
Mean 1 323.8259
Regression 1 12.64521 12.64521 1344.230
Residual Error 27 .2539898 .009407
Total 29 336.7251

(b) We are interested in finding Humpty Dumpty’s height given that he weighed 79275 grams.
Therefore, produce an estimate of ¥, using your fitted model.
Use z, = log(79275) = 11.28068.

Answer 2 §, = 2.5091448 + .3397027(11.28068)=6.341222

(c) Of course, we want a confidence interval of our estimate. Compute the 95% CI for the
particular value of y,,.

Answer 3 i o=.05%=.025
1. tn 2, @ = t27 025 = 2. 051831

iii. a =1y, — sty o a\/l + =+ (xgsi) =
6.341222 — .09698984(2.051831) \/1 O 4 (L2B06822450599)° _ 507826

109.5792
b=y, + stnfz,%\/l + =+ (:BS(‘)SZ:Z) =

(11.28068—2.450593)
6.341222 + .09698984(2.051831) \/1 % T 005792 = 6.604184
iv. 90% C.1. of y, is (6.07826,6.60418)
(d) Compute Humpty Dumpty’s height, i.e. calculate ﬁgg\ht — e Use the exp key on your
calculator. The answer will be in millimeters. To convert to inches, divide your answer by
25.4.

Answer 4 height = 534122 — 5674894 — 567.4894/25.4 = 22.34210inches

(e) Make a plot of residuals versus predicted values.




Bird 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Predicted Value 450 227 321 290 349 354 349 357 351 374 335 319 324 300 285
Residual 228 291 125 140 -.093 -074 -056 -.013 -044 -031 -020 -008 -.022 .000 -.076
Bird 16 17 18 19 20 21 22 23 24 25 26 27 28 29
Predicted Value 320 3.02 296 306 289 288 308 317 3.02 301 3.01 313 490 571
Residual -.018 -073 .035 -113 -002 .007 -.036 -040 -027 -069 -070 .001 .129 -.072
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(f) Do you approve of the model and trust the estimate? Explain.

Answer 5 The plot of data is linear; residual vs predicted values looks random but is
suspicious because of the clump of points near the bottom. Even though F statistic is very
large, the QQ plot is problematic and the estimate is an extrapolation, therefore, I do not
trust it.

2. Based on used car auctions, the final auction prices of 100 randomly selected three year Flem-

ing XX500’s and the respective odometer readings were recorded and plotted in a graph. Each
of these cars was in good condition with the standard features like automatic transmission, ra-
dio, and air conditioning. The only essential difference about them was the odometer reading
and final auction price. The following statistics were derived from the data in which y=price
and x=odometer reading in thousands of miles: 221201 x; = 3600.945, 22122 r? = 1339774,
S gy = 19351920, Y%y = 541141, Yy? = 2934770709, SS,, = 4309.34, and
SSyy = —134269.3, and SSE=2251362.

The plot of the data suggests the linear fixed effects model:y; = 5y + [B;x; + €; where ¢; ~
N(0,0?)

(a) Find B, =



Answer 6 § = 5,z = 5411.41 — 31.15774(36.00945) = 6536.03
(b) Find 3, =

Answer 7 ‘jggggii” = —31.15774

———

(c) Write the fitted equation for E[y;|=

—

Answer 8 E[y;| = 6533 — 31.157

(d) Test the hypothesis, Hy : 5, = 0 vs Hy : 51 # 0 at a level of significance, o = .05

Source of Variation df Sum of Squares Mean Sum of Squares F statistic
Mean 1 2928335819
Answer 9 Regression 1 4183528 4183528 182.1056
Residual Error 98 2251362 22973.09
Total 100 2934770709

Fi 95 05=3.938111
(e) Whatis s? =
Answer 10 22973.09

(f) What is the estimated price on the average of a Fleming XX500 having 27000 miles on its
odometer?

Answer 11 yhat0=6533.383-31.15774%27=5692.124 Note: SS,, = —134269.3 SS,.,
4309.34

(g) The 95% confidence interval of the expected price of a Fleming XX500 which has 27000
miles on its odometer is (5387.035,5997.213). Would a trade-in value of $5800 be a fair
value to offer a customer wanting to buy a new car from you? Explain.

Answer 12 Since the asking price is within the confidence interval, it appears to be a
fair price.

(h) Explain by referring to the plot of the data, the analysis of variance, and the residuals versus
predicted value whether or not the model is good.

Answer 13 The plot of the data shows a linear trend, the plot of residuals vs pred icted
values appears to be random, and the QQ plot is diagonal. The theory makes sense in that
the older the car the less it is worth, reject Hy. The model appears to be a good model.
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